In this article, a Leslie-Gower Holling type III predator-prey model with disease in predator has been developed from both biological and mathematical point of view. The total population is divided into three classes, namely, prey, susceptible predator and infected predator. The local stability, global stability together with sufficient conditions for persistence of the ecosystem near biologically feasible equilibria is thoroughly investigated. Boundedness and existence of the system are established. All the important analytical findings are numerically verified using program software MATLAB and Maple.
Introduction
The predators and the preys carry a dynamic relationship among themselves. And for its universal existence and importance, this relationship is one of the dominant themes in theoretical ecology. Mathematical modelling is considered to be very useful tool to understand and analyze the dynamic behavior of predator-prey systems. Predator functional response on prey population is the major element in predator-prey interaction. It describes the number of prey consumed per predator per unit time for given quantities of prey and predator. The most important and useful functional responses are Lotka-Volterra functional responses such as Holling type I functional response, Holling type II functional response and three species population models with such functional responses are widely researched in ecological literature [24] , [23] , [21] , [19] . There are also many research works on three species systems like two preys one predator [1] , [20] , [12] , [10] , tritrophic food chain [5] , [16] , [2] etc. The Mathematical modelling of epidemics has become a very important subject of research after the seminal model of Kermack-MacKendrick (1927) on SIRS (susceptible-infected-removed-susceptible) systems. It describes the evolution of a disease which gets transmitted upon contact. Important studies have been carried out with the aim of controlling the effects of diseases and of developing suitable vaccination strategies [4] , [22] , [3] . Eco-epidemic research describes disease that spread among interacting populations, where the epidemic and demographic aspects are merged within one model. During the last decade, this branch of science is developing and studied by the authors in [4] , [15] , [27] . In the natural world, species do not exist alone. It is of more biological significance to study persistence-extinction threshold of each population in systems of two or more interacting species subjected to parasitism. In mathematical biology the predator prey systems and models for transmissible disease are major field of study in their own right. In the growing ecoepidemic literature and from early papers [11] , disease mainly spreading in the prey are examined in [29] , [8] , [9] , but in [28] , [17] , [18] , the epidemics are assumed to affect the predators. The predator-prey model with modified Lesli-Gower Holling type II Scheme was introduced in [6] , [14] , [26] . The LG model with Holling type II response function with disease in predator is discussed in [25] . But no one pay the attention for the modified LG model with Holling type III response function for predation with disease in predator.
Here we make an attempt to study the above said model with Holling type III response for predation and intra-specific competition among predators. The rest of the article is as follows. In Section 2, we explain the formulation of the model under consideration and its assumptions. Section 3 contains some preliminary results. In Section 4, we analyze the system behavior of the trivial equilibria. Also the model with intra specific competition is analyzed for the system behavior around axial and boundary equilibria in Section 4 . In Section 5, local and global stability of the interior equilibria is analyzed. Section 6 contains persistence of the system. Numerical simulation has been carried out in Section 7 to support our analytical findings. The article comes to an end with a discussion of the results obtained in Section 8.
Mathematical model formulation
We make the following assumptions:
• The disease spreads only among the predators. Let y denotes the susceptible predators and z the infected ones. The total predator population is n(t) = y(t) + z(t).
• The disease spreads with a simple mass action law (with the disease incidence θ > 0). The prey population x grows logistically with intrinsic growth rate a 1 > 0 and carrying capacity a 1 /b 1 in the absence of predator population.
• We introduce intra-specific competition among the predator's sound and infected sub-populations.
• Holling type-III response mechanism is considered for predation.
According to the above assumptions, we get the following model with non negative parameters
where a 2 , a 3 (a 2 ≥ a 3 ) are the per capita growth rates of each predator sub population. Thus from sick parents, the disease can be transmitted to their offspring. The parameter k 1 represents the half saturation constant of the prey and k 2 is the measure of alternative food. Hence the Jacobian matrix of the system (2.1) is J = (m ij ) ∈ R 3×3 with entries
x+k2 . Intrinsic growth rate of prey
Intrinsic growth rate of susceptible predator
Intrinsic growth rate of infected predator
Intra-specific competition rate of prey
Predation rate of susceptible predator c 2 T
−1
Death rate due to intra-specific competition of susceptible predator c 3 T
Death rate due to intra-specific competition of infected predator θ V −1 T
Disease incidence rate
Half saturation constant of the prey k 2 V Measure of alternative food p Dimensionless Constant lies between 0 to 1 3 Preliminary results
Existence
Theorem 1. Every solution of the system (2.1) with initial conditions exists in the interval (0, +∞) and x(t) ≥ 0, y(t) ≥ 0, z(t) ≥ 0 for all t ≥ 0.
Proof. We have
f3(x,y,z)ds , where 
Boundedness
Theorem 2. All the solutions of the system which initiate in R 3 + are uniformly bounded.
Proof. Let us define a function ω = x + y + z. Therefore, we have
Hence we find l > 0 such that dw dt +µω ≤ l, ∀t ∈ (0, t b ). Using the theory of differential inequality [7] , we obtain 0 < ω(x, y, z) ≤ 
Equilibrium points
The system of equations (2.1) has the equilibrium points E 0 (0, 0, 0),
The co-existence equilibrium is E * (x * , y * , z * ) where y * = −a3θx * −a3k2θ+a2c3−a3c2 θ(θx * +k2θ+c2−c3)
,
and x * is root of the following equation . Here x 5 is the root of For the equilibrium point E 6 (x 6 , 0, z 6 ), y 6 = 0 gives z 6 = a3(x6+k2) c3
. Here x 6 is the root of 4 System behaviour around boundary equilibria
Stability for E 0
The characteristic equation for E 0 is given by
The equilibrium point E 0 has the eigenvalues a 1 , a 2 , a 3 . All the eigenvalues are positive and it is unstable.
Stability for E 1
The characteristic equation for E 1 is given by
Since one of the eigenvalues of E 1 is a 1 , which is always positive and so, E 1 is unstable.
Stability for E 2
The characteristic equation for E 2 is given by
Since one of the eigenvalues of E 2 is a 1 , which is always positive and therefore, E 2 is unstable.
Stability for E 3
The characteristic equation of the equilibrium E 3 (0, y 3 , z 3 ) is given by
where
and
. As eigenvalue a 1 for E 3 is always positive, the equilibrium point E 3 is unstable.
Stability for E 4
The characteristic equation for E 4 is given by
Eigenvalues a 2 and a 3 are always positive of the equilibrium E 4 . Hence E 4 is unstable.
Stability for
At E 5 (x 5 , y 5 , 0), the Jacobian matrix for the system is given by 
At E 6 (x 6 , 0, z 6 ), the Jacobian matrix for the system is given by where
, and λ 3 = m 22 . We choose m 22 < 0 and m 11 < 0. Then E 6 will be stable if
5 System behaviour near the coexistence equilibrium E * (x * , y * , z * )
The entries for the Jacobian at E * (x * , y * , z * ) are 
Local Stability
The characteristic equation for J * is θ 3 + A 1 θ 2 + A 2 θ + A 3 = 0, where 
Global Stability
Theorem 3. The co-existence equilibrium point E * is globally asymptotically stable if P 1 > 0, P 2 > 0 and P 3 > 0 where P 1 , P 2 , P 3 are defined latter.
Proof. Let us define the function
It is to be shown that L is a Lyapunav function and L vanishes at E * and it is positive for all x, y, z > 0. Hence E * represents its global minimum. We have
We consider
and Q is symmetric quadratic form given by
with the entries that are functions only of the variable x and
If the matrix Q is positive definite, then dL dt < 0. So, all the principal minors of Q, namely,
to be positive , i.e. , P 1 > 0, P 2 > 0, P 3 > 0.
Persistence
If a compact set D ⊂ Ω = {(x, y, z) : x > 0, y > 0, z > 0} exists such that all solution of the system (2.1) eventually enter and remain in D, the system is called persistent. 
Proof. Let us consider the method of average Lyapunav function, see [13] , considering a function of the form V (x, y, z) = x γ1 y γ2 z γ3 , where γ i = 1, 2, 3 are positive constant to be determined. We define
We are to prove that this function is positive at each boundary equilibrium. We have Π(0, 0, 0) = γ 1 a 1 + γ 2 a 2 + γ 3 a 3 > 0 and Π(
γ 2 > 0 follows by condition 1. With the condition 2, we have
Hence a suitable choice of γ 1 , γ 2 , γ 3 is required to ensure Π > 0 at the boundary equilibria. Hence V is an average Lyapunav function and thus the system (2.1) is persistent.
Numerical simulation
Analytical studies can never be completed without numerical verification of the derived results. In this section, we present computer simulations of some solutions of the system (2.1). Beside verification of our analytical findings, these numerical simulations are very important from practical point of view. We use four different set of numerical values for support of analytical results mentioned in Table 2 . Stability conditions are mentioned in section 5
Figure 1 Does not exist -- 
Conclusions and comments
In this paper, we have proposed and analyzed an eco-epidemiological model where only the predator population is infected by an infectious disease. Here we have considered a modified Leslie-Gower and Holling type-III predator-prey model. We have divided the predator population into two sub classes: susceptible and infected. Then we study the behaviour of the system at various equilibrium points and their stability. The conditions for existence and stability of all the equilibria of the system have been given. The system (2.1) has eight equilibrium points: one trivial equilibrium E 0 , three axial equilibrium points E 1 , E 2 , E 4 , three planar equilibrium points E 3 , E 5 , E 6 and one coexistence equilibrium E * . For our model: x6+k2 + θz 6 > a 2 . The coexistence equilibrium point E * is locally as well as globally asymptotically stable under some conditions. Persistence of the system is also shown. At last, we conclude that our eco-epidemic predator-prey model with infected predator exhibits very interesting dynamics. Here we have assumed Holling type III response mechanism for predation. So, we can refine the model considering other type of functional response. We can also consider the disease infection in the prey population, which can give us a very rich dynamics. There must be some time lag, called gestation delay. So, as part of future work to improve the model we can incorporate the gestation delay in our model to make it more realistic.
